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Abstract— Logic evaluationof a Booleanfunctionor relation is tradition-
ally doneby simulatingits gate-level implementation,or creatinga branching
program usingits Binary DecisionDiagram (BDD) representation,or usinga
setof look-uptables.We proposea new approach calledgeneralizedcofactor-
ing diagrams,which area generalizationof theabovemethods.Algorithmsare
givenfor finding theoptimalcofactoringstructure for free-orderedBDD’s and
generalized cubecofactoringunderan average path length (APL) cost crite-
rion. Experimentalresultson multi-valuedfunctionsare superiorto previously
knownmethodsby 30%. The framework has direct application in logic sim-
ulation, software synthesisfor embeddedcontrol applications,and functional
decompositionin logic synthesis.

I . INTRODUCTION

Given a Booleanfunction, onecanevaluateits outputvalue
for aninputmintermby (a)simulatingits gate-levelnetwork im-
plementation,eitherthroughevent-drivensimulation[1] or lev-
elizedcompiledcode[2], (b) usingabranchingprogramderived
from its Binary DecisionDiagram(BDD) representation[3][4],
or (c) usinga setof memorylook-up tables.However, how to
generatethe optimum codefor logic function evaluationon a
givencomputerarchitectureis still unsolved.

This problemalsoappearsin thecontext of softwaresynthe-
sis for embeddedcontrol applications. There,a designis de-
scribedin a synchronousprogramminglanguageandthencom-
piled into asetof extendedfinite statemachines(EFSM).These
aremappedto apartitionof hardwareandsoftwareimplementa-
tionsdependingon thesystemconstraints[5][6]. Thesoftware
implementationof an FSM is the codefor its logic evaluation.
Differentfrom logicsimulationonahighperformancecomputer
server, this codehastight constraintsin real-timeresponseand
memoryusage[7].

In thispaper, westudytheoptimalfunctionalevaluationprob-
lem for a multi-valuedrelation. We usemulti-valuedlogic, be-
causeat an early designstage,theremay not be a binary en-
codingyet; relationsare involved, becausethey captureflexi-
bility andenablea largerexplorationspace.We proposeto use
generalizedcofactoringfor logic evaluation.A GeneralizedCo-
factoringDiagram(GCD) is a decisionstructurefor searching
for theoutputvalueof a giveninput minterm.At eachdecision
node,oneof theout-goingedgesis chosen,basedon theresult
of a testingof theinput mintermanda cofactoringfunctionas-
sociatedwith that node. The testsproceedalonga pathin the
decisionstructureuntil a leaf nodeis reached,wheretheoutput
value is obtained. GCD’s reduceto BDD’s if singlevariables
areusedasthecofactoringfunctions.

This is anextendedversionof thesamepaperthatwill appearin DAC 2003,
Anaheim,CA.

Since the cofactoring functionsare not restrictedto single
variables,the framework opensup a large spacefor optimiza-
tion. This is not unrealisticbecausethe evaluationof a cube
canbedonein softwarein oneinstruction.Theevaluationof an
arbitraryfunctionup to certainsizeis alsofeasibleon anAppli-
cationSpecificInstruction-setProcessor(ASIP) thathasrecon-
figurablefunctionalunits [8]. Thecofactoringfunctionscanbe
implementedasspecialinstructionsfor speedingup thecritical
pathof theevaluation.

We give algorithmsto derive an optimalGCD basedon dif-
ferentconstraintson thecofactoringfunctions.This includesan
exactalgorithmto find theoptimumGCDwhenthecofactoring
functionsaresinglevariables(i.e. freeBDD’s), andanheuris-
tic algorithmbasedon entropy reductionwhenthe cofactoring
functionsaresinglecubes.We proposea novel techniquethat
symbolicallyrepresentsall possiblecubecandidatesin a single
BDD, andcomputestheir costsin parallelat eachcofactoring
step.Its relationshipwith logic decompositionis alsodiscussed.

Relatedwork in the literatureincludesusingBDDs for logic
simulation,proposedin [3], [4]. Subsequentwork extendedthe
techniquesto handlelarger circuits andcircuits with data-path
modules[9], but the restrictionof single variabletestingstill
applies.

The PolisprojectusesS-graph’s to representandsynthesize
softwarefrom extendedfinite statemachines[10]. It is similar
to BDDs, with theextensionof assignmentsfor data-pathvari-
ables. Recently, Kim el al [11], proposedfree-orderedBDDs
versusgloballyorderedBDDsfor softwaresynthesisin thesame
framework. Up to 10%improvementin executionspeedwasre-
ported.However, theheuristicsproposeddo not guaranteeopti-
mality.

Someof the ideasin this paperwere inspiredby recentad-
vancementsin Boolean decompositionusing symbolic tech-
niques[12] [13]. Generalizedcofactoringcanbe viewed asa
specialtypeof Booleandecompositionwith restrictionson the
compositionfunction (beinga multiplexer), and the optimiza-
tion criterion (averageevaluationtime ratherthan worsecase
delayor circuit area).However, thesymbolictechniqueswede-
scribein this paperis transferable.

We briefly describeour definitionof generalizedcofactoring
in Section2, anddetailour proposedtechniquesin Section3. It
includesoptimal freeBDD ordering(III-A) andsymboliccube
selectionfor generalizedcubecofactoring(III-B), andgeneral-
izedBooleanfunctioncofactoring(III-C). Resultsaregivenin
SectionIV; conclusionsandfuturework follow.
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Fig. 1. Generalizedcofactoringfor relations

I I . GENERALIZED COFACTORING

Given a multi-valuedrelation,find the optimumcofactoring
structurethatminimizesacostfunctionrelatedto thefunctional
evaluationtimeof thestructure1.

Definition1: A multi-valuedrelation R
 a � b ������ O� is a re-
lation R : A � B �������� O ���� 0 � 1 � , wherea � b ����� are multi-
valuedvariablesin the input domaintakingon valuesfrom the
setsA � B ����� respectively, andO is theoutputdomain.

A generalizedcofactoringdiagramis a DAG, with a single
rootnodeandanumberof leaves,eachcorrespondingto asubset
of theoutputvalues.Eachintermediatenodeis associatedwith
a 2-tuple � R� g � , whereR is theMV relationto beevaluated
at this point, andg is a cofactoringfunction chosenfor R. If
we restrictg to bebinaryfunctions,theneachnodehastwo out-
going edges,representingthe positive and negative cofactors:
(g � R � g), (g � R � g). A nodebecomesaleaf,if therelationRcan
bereducedto tautology, i.e. acommonvaluecanbeassignedto
all mintermsin thecaresetwithoutviolating therelation.

Functionalevaluationof an input mintermM startsfrom the
top nodeand follows oneof the pathstowardsthe leaves. At
eachintermediatenode,atest(M � g) decideswhichcofactoring
branchto follow. Theevaluationtimeof thecofactoringdiagram
canbemeasuredby theaveragedepthof thepathsfor all input
minterms,usedby Sasao,el at [15] for BDDs.

Definition2: The AveragePath Length (APL) of a GCD is
theaveragenumberof branchingnodesencounteredduringthe
functionalevaluationfor all its inputminterms.

Assumingthetestingof eachintermediatenoderequiresone
memorylookup, APL measuresthe averagenumberof mem-
ory accessesfor evaluatingthe output. Otherfactorslike com-
puterarchitectureandmemoryorganizationmayalsoaffect the
evaluationtime but not consideredat this abstractionlevel. We
alsoassumea uniform distribution of probability for all input
minterms. The problemof consideringbiasinput probabilities
is beyondthescopeof this paper.

I I I . OPTIMAL COFACTORING FOR FUNCTIONAL

EVALUATION

This sectiondescribesour techniquefor deriving theoptimal
GCD for an MV function, with variablecofactoringandcube

1Multi-valuedrelationsappearin a multi-level logic network whencomplete
flexibility is used[14].

cofactoring.In eithercase,theMV functionis representedwith
a multi-terminal BDD (MTBDD) or ADD [16], wheremulti-
valuedinput variablesareencodedwith binaryvariables.Note
thatwhenMV functionsareconsidered,thereis exactlyoneter-
minal nodefor eachoutputvalue,andno terminalsfor subsets.

A. FreeBDD

By freeBDDswemeanBDDswithoutglobalvariableorder-
ing,andeachpathcantakeadifferentorder. Thiswasstudiedby
Kim, el at, [11] for softwaresynthesisfrom EFSMs,but there-
sultsreportedtherearenot optimal. Algorithm BPL (BestPath
Length)below computesrecursively thebestorderingfor each
pathof theBDD, with respectto theAPL cost.

BPL 
 f ���
if f is constant, return 0;
if supportsize(f ) == 1, return 0;
if hashlookup(f ,& pl), return pl;
best cost = Inf inity;
foreachinputv in supportlist( f ) do �

cost � 1 � 1
2BPL 
 fv ��� 1

2BPL 
 fv̄ � ;
if cost � best cost then best cost = cost; �

hashinsert(f ,best cost);
return best cost; �

Theorem1: The BPL algorithmsreturnsthe optimumaver-
agepathlengthfor all possiblefreeBDD orderings.

At eachstepof the recursion,all possibleorderingsof the
supportvariablesareenumerated,andthebestcostis returned.
The averagepathlengthesfrom both the positive andnegative
branchesaredividedin half, becauseeachbranchhas0.5prob-
ability of beingtaken. The bestvariablechoiceat eachrecur-
sionstepis storedandreturnedto constructthefinal cofactoring
structureat the end (not shown in the Figure). The complex-
ity of this algorithmis upperboundedby (3n), wheren is the
numberof input variablesin thesupport.This is thecasewhen
all possiblecofactorsarederived. Experimentsshow that MV
functionswith up to 16 binary input variablescanbecomputed
within seconds,morein SectionIV.

B. CubeCofactoring

It is computationallyprohibitive to allow an arbitrary func-
tion as the cofactoringfunction g, and the the branchingtest
(M � g) may not be efficiently implementedin software(on a
generalpurposeembeddedprocessor).If we restrict to multi-
valuedsinglecubes,the branchingtestcanbe carriedout in a
singleAND instruction,assumingboth the cofactoringcubeC
andtheinputM arerepresentedin a positionalnotation:

m � C  "! m � C � 0

PreviouslyproposedMDD andSOP-basedapproaches[17] can
beviewedasspecialcasesof generalizedcubecofactoring:the
MDD approachusessingleliteralsascofactoringfunctionsand
theSOPapproachusesthecubesdirectlyfrom asum-of-product
representationof thefunction.

In this section,we proposea novel symbolicmethod(ideas
inspiredby [12]) for findingtheoptimalcofactoringcubeateach



3

step,basedonacostfunctionthatpredictsthecofactoringdepth.
We thenprovide a slightly improved look-aheadcost function
for betterprediction,andtwo-literal restrictionsfor dealingwith
largescalefunctions.

B.1 CostFunctionfor CubeSelection

Let F : A # B #$�$$&%' O be the MV function to be evaluated,
whereA ( �

0 # 1 #�$$$# ra � ,B ( �
0 # 1 #�$$$�# rb � , etc, form its input

domain,andO ( �
o0 # o1 #$�$$)# oro � is its range2. An example:

F
b * a 0 1 2
0 1 2 1
1 2 0 0
2 3 1 2
3 0 3 3

F :
�
0 # 1 # 2 �,+ � 0 # 1 # 2 # 3 �-%' �

0 # 1 # 2 # 3 �
a . � 0 # 1 # 2 �

b . � 0 # 1 # 2 # 3 �

(1)
We needa costfunctionfor measuringthecomplexity, in terms
of outputevaluation,of thecaresetof anMV function.Entropy,
asan informationmeasurement[18], becamea naturalchoice:
the cofactoringprocessis a processof informationdiscovery,
andtheeffort canbemeasuredby theamountof informationto
be discovered. As we proceedalonga pathin the GCD, more
informationis obtainedwith respectto theinputminterm.When
we reacha terminalnode,theoutputis determinedandthereis
no information left (zeroentropy). We usethe outputentropy
for a function f :

H / Rf 0 ( 1 ∑
i 2 out puts

pi 3 ln / pi 0
( 1 ∑

i 2 out puts

mi

Mc
3 ln / mi

Mc
0

wherepi is theprobabilityof theoutputtakingvaluei, computed
by dividing thenumberof mintermsin i (mi) by thetotalnumber
of caresetminterms(Mc). Rf is therelationfor thecaresetof
MV function f . Given a cubeC, we computethe entropiesof
boththepositiveandnegativebranches:

H / Rf 4C 0 ( pc 3 H / C 3 Rf 0�5 / 1 1 pc 0&3 H / C 3 Rf 0 (2)

wherepc is theprobabilityof thecubeC beingtrue,computed
by dividing the numberof mintermsin the intersectionC 3 Rf

with the total numberof caresetmintermsin Rf . It takesinto
accountof potentialcostsfor bothbranchesandtheir probabil-
ities. In mathematicalterms,this is the conditionalentropy of
Rf with respectto partition

�
C # C � , whichis alwayslessthanthe

originalentropy: i.e.

H / Rf 4C 0-6 H / Rf 0
andthe differenceof the two is calledthe mutual information.
In reducingH / Rf 4C 0 , we searchfor thecubepartition thathas
thelargestmutualinformationwith theoriginal relation:

max
�
I / Rf # C 0 ( H / Rf 0 1 H / Rf 4C 0 �

The example (1) above cofactoredby cubea7 1 8 29 b7 1 8 3 9 gives
cost: 4

12 / ln20�5 8
12 / 2

8 ln / 80�5 6
8 ln / 83 0�0 ( 1 $ 068,which is a reduc-

tion from theoriginalentropy: ln / 40 ( 1 $ 386.
2In the implementation,an MV function is representedas a relation using

ADD’s,andonly thecaresetmintermsaretakeninto consideration

SelectCube (ADD dd)
�

if is constant(dd)
�

//returnsymbstructwith constant
return symb(constant(dd)); �

if hashlookup(dd, &symb)
�

//previouscomputedADD node
return symb; �

symT= SelectCube(THEN(dd));
symE= SelectCube(ELSE(dd));
if is bool var(dd) then

�
//accumulatemintermsfor eachvalue

symO$min= combineminterms(symT,symE);
symO$ val = combinevalues(symT,symE);
return symO; �

if is z var(dd) then
�

//computeweightedentropy
symO$ cost = entropy(symT)*symT$min/care minterms

+ entropy(symE)*symE$min/care minterms
return symO; �

//now dealwith symbolicvariables
if symT$ cost : symE$ cost then

�
symO$ cube= attachliteral(symT$ cube, lit(dd));

� else
�

symO$ cube= attachliteral(symE$ cube, lit not(dd)); �
hashinsert(dd,symO);
return symO; �

Fig. 2. Algorithm SelectCube:finding bestsymboliccube

B.2 SolutionRelations

We introducenew binaryvariablesto symbolicallyrepresent
all cubecandidatesin apositionalnotation.Let asymboliccube
berepresentedas

Csym (;/ α0α1 $�$$ αraβ0β1 $$�$ βrb $�$$ 0
whereαi meansthatthecubehasvaluei in thea-literal, etc.For
example,α0α1α2β0β1β2β3 encodescubea7 0 8 19 b7 0 8 29 . Thetotal
numberof cubesencoded,exceptnull cubes,is / 2ra 1 10 / 2rb 1
10�333 .

The logic function correspondingto eachsymbolic cubeis
calledits booleancubeCbool. In orderto evaluateboththepos-
itive andnegative cofactoringbranches,we constructthe cube
relationCrel for all cubecandidates:

Crel ( Csym 3 z 3 Cbool 5 Csym 3 z 3 Cbool

wherez is called the phasevariable. z ( 1 (z ( 0) meansthe
positive (negative) phaseof thecubeis used,respectively. The
examplecubeabove leadsto thecuberelationbelow:

α0α1α2β0β1β2β3 / za7 0 8 1 9 b7 0 8 2 9 5 za7 29 5 zb7 1 8 3 9 0
We build the Booleandisjunctionof Crel for all cubesand in-
tersectthis with the relationof the targetMV function. This is
calledthesolutionrelation.

R/ a # b #�$$$ 0<3 ∑
i 2 allcubes

Ci
rel / α0α1 $�$$ β0β1 $$$)# z# a # b #�$$�$ 0 (3)

Thesolutionrelationencodesall candidatecubesfor boththeir
positive andcomplementphases.It providesa convenientbasis
for computingthecofactoringcostof all cubesin parallel.
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(a) MTBDD with globalordering (b) GCD with entropy
cost

(c) GCDwith APL look-ahead
cost

Fig. 3. AveragePathLength(APL) comparisonof MTBDD, GCD with entropy (ENTR) andAPL-look-ahead(LAHF) costfunctionsonexamplenoname

Theorem2: Thenumberof BDD nodesfor thephasevariable
z, in thesolutionrelationBDD isexactlythenumberof symbolic
cubes,andeachhasexactlyoneparentnode.

Basedon this theorem,thecostfunctionsfor thecubesneed
to becomputedonly at thez variablenodesof theBDD. Other
nodesaretraversedfor passinginformationandcubeselection.
Thenegative sideis that thesolutionrelationBDD grows with
thenumberof cubesgenerated.We addressthis in SectionsIII-
B.4.

ThealgorithmSelectCubetraversestheBDD structureof the
solutionrelationbottomup, computesthecostfunctionsincre-
mentally, andconstructsthecubewith thebestcost(Figure2).
It assumesa variableorderingthat groupsthe symbolic vari-
ableson thetop, followedby thez phasevariable,andthenthe
booleanvariablegroupcomeslast. Dynamicvariableordering
within eachgroupis allowed.�

α0 # α1 #�$$$)# β0 # β1 $$�$=�># � z�?# � a # b #�$$�$@�
A hashtable is maintainedso that eachnodeis guaranteed

to be visited only once. After checkingfor terminalcasesand
the hashtable, the algorithm is recursively calledon both the
positive branch(THEN()) andthenegative branch(ELSE())of
the currentnode. During the booleanvariabletraversalphase
at the bottomgroup, the numberof mintermsfor eachoutput
value is computed. It is storedin a datastructure(symb) that
containsthe total numberof caresetminterms,the setof out-
put values,andthe mintermcount for eachvalue,for the sub-
BDD. Outputvaluesarestoredin abit-vector, sothata bit-wise
OR gives the union of the valuesfrom sub-branches(routine
combinevalues). At eachphasevariablenodez, thecostsfrom
bothchildren,representingC andC, areweightedby theirprob-
abilities and thensummed(Equation(2)). Finally, during the
symbolicvariablephase,thecostsof bothchildrenbranchesare
compared;thepathwith bettercostis kept,andcombinedwith
the symbolicvariableof the nodeitself. Routineattach literal
takesa literal andattachesit to the path(cube)obtainedfrom
one of the children branches.The algorithm finally returnsa
singlecube,(apathfrom topnodeto z) whichhasthebestcost.

B.3 APL Look Ahead

Noticethat thecostfunctionin equation(2) is a local heuris-
tic, which looks at onelevel cubecofactoring. We would like
to get betterpredictionby consideringthe averagepathlength
of thewholesub-treeif subsequentcofactorationis carriedout
with this cube.

At eachcofatoringstep,we usethe entropy costto generate
a setof candidatecubes.Thenfor eachcandidatewe construct
the full cofactoringstructurefor both its positive andnegative
branches,andcomputetheaveragepathlengthsfor them. The
sub-GCDconstructionusesthesameSelectCubealgorithmde-
scribedearlier for selectingthe bestcofactoringcubeat each
step.This procedureis describedin thepseudocodebelow.

Look Ahead Cost (C, Rf )
�

if is tautology(Rf ) return 0;
T = SolutionRelation(C, Rf );
E = SolutionRelation(C, Rf );
CP = SelectCube(T);
CN = SelectCube(E);
cost = 1+Prob(C,Rf ) 3 Look AheadCost(CP,C 3 Rf )

Prob(C,Rf ) 3 Look AheadCost(CN,C 3 Rf )
return cost; �

SolutionRelationrefersto thesymbolicrelationdescribedpre-
viously, andProb(C,Rf ) computestheprobabilityof cubeC be-
ing truein thecaresetof relationRf .

The comparisonof the final cofactoringdiagramfor exam-
ple(1) is shown in Figure3, wherethecofactoringnodesfor the
MTBDD arethebinaryvariables,a0 # a1 # b0 # b1, usedfor encod-
ing, andtheonesin the GCD’s aremulti-valuedcubesin posi-
tionalnotation.In thisexamplethelook aheadschemegivesthe
bestaveragepathlength. (FreeMTBDD givesthe sameresult
asorderedMTBDD for this case.)
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Fig. 4. AveragePath Length(APL) comparisonof BDD (BDD), Free-orderd
BDD (FBDD), GCD with entropy asthe cost function (ENTR) andthe APL-
look-aheadscheme(LAHF) onBooleanfunctionsfrom MCNC benchmarks

B.4 Two Literal Cubes

Notice that the total numberof cubesgrows exponentially
with thesupportsize,andsodoesthesizeof thesolutionrelation
BDD. For a five 4-valuedinput function, thereare / 24 1 10 5 s
759K cubes. It is expensive andnot necessaryto representall
thesecubes. We apply heuristicssuchthat for functionswith
largesupportsizes,we restrictto two-literal cubes,which have
muchbetterscalability. The samefive 4-valuedinput function
would generate5 + 2 +t/ 24 1 10 2 ( 2250cubes.

C. GenericFunctionCofactoring

Genericfunctioncofactoringcanbedonethroughcollapsing
asetof inputvariablesintoasinglemulti-valuedvariable,whose
literalsrepresentall possiblefunctionsof theoriginalinputs.Let
x0 # x1 #�$$$)# xn u 1 bea setof binaryvariables.Createmulti-valued
variableµ . � 0 # 1 #$$�$# 2n � , whereeachoutputvaluecorresponds
to oneinput mintermin thex0 # x1 #$$�$�# xn u 1 domain.

Theorem3: Theliteralsof MV variableµ encodeall possible
Booleanfunctionson x0 # x1 #�$$�$�# xn u 1.

This is similar to a decoderwith n inputs and 2n outputs,
where eachoutput decodesone of the input patterns. Tech-
niquesin [19] canbeappliedto chooseboundsetvariablesfor a
decomposition;thesearemergedinto asinglemulti-valuedvari-
ableandthentechniquespresentedin SectionIII-B appliesfor
finding theoptimalcofactoringfunction.

Recentwork on combinationallogic synthesis[12], [13]
pointsto new directionsof Booleanfunctiondecompositionus-
ing symbolic techniques,which aremorepowerful thantradi-
tional algebraicmethods,andnow becomecomputationallyaf-
fordable.Thegeneralizedcofactoringframeworkpresentedhere
is aspecialtypeof logic decomposition,with therestrictionthat
a multiplexer is usedfor thecompositionfunctionat eachstep.
The goal of the optimumaveragepath length is alsodifferent
from logic synthesisin a synchronouscircuit setting,wherethe
worstcasedelayis concerned.

IV. EXPERIMENTS

TheBPLandSeleteCubealgorithmshavebeenimplemented
usingthe CuDD package[20]. We comparethe GCD derived
from theseapproachesin Table I. Benchmarksare two-level
multi-valuedfunctionsobtainedmostlyfrom thePortlandState
UniversityPOLOsuite[21]. Thenumberof inputsandthesizes
of theinputdomainareshown in columnsPI andIN ; theirout-
put domainsizesareshown in columnO. Resultsfrom four dif-
ferent approachesare shown, BDD’s with global variableor-
dering (BDD), optimum free-orderedBDD’s (FBDD), GCDs
with entropy cost (ENTR), and GCDs with APL look ahead
cost (LAHF). They are comparedwith respectto the average
pathlength(APL), thenumberof cofactoringnodesin theGCD
structure,andfinally thecomputationtime usedto derive these
structures.Their ratiosarecomputedfor eachbenchmarkexam-
ple,andtheaverageratio is reportedin thelast line. All experi-
mentswereperformedon a dual-processorSunOS5.8 system,
with 900MHzclock frequency and2Gbmemory.

The free-orderedBDD’s have on average13% betterAPL
thanglobally orderedBDD’s (after dynamicvariableordering
to reducethe heapsize). Although thesizeof the free-ordered
BDD’s is 5 times larger on average,it is still comparableon
smallandmedianexamples.Thesizeblows up on largeexam-
plessinceit is moredifficult to find equivalentresultsin thehash
table.Thecomputationtimeis muchhigherthanthegloballyor-
deredBDD’s (whosecomputationtime is negligible compared
with theotherapproachesandnot shown).

ComparingGCD’s with BDD’s, GCD’s areconsistentlybet-
ter in most examples,sincethey have a much larger solution
spacethanfreeBDD’s. TheAPL look aheadschemeis slightly
betterthan just usingentropiesfor a few examples(albeit the
muchheavier computationtime),which confirmsthequality of
theentropy measure.

Figure4 comparesthe samefour approacheson a different
set ( v 50) of binary-inputbinary-outputexamples,with sup-
port sizerangingfrom 2-16. Thesearetwo-level functionsex-
tractedfrom collapsingmulti-level networks from the MCNC
benchmarks.The APL numbersare computedfor all bench-
markexamples,andthosewith thesamenumberof input vari-
ablesareaveraged.The averageAPL for eachsupportlevel is
drawn for eachapproach.Theresultsagainjustify thegeneral-
izedcubecofactoringapproachcomparedwith BDD’sandfree-
orderedBDD’s (with a few exceptions). Also the APL look-
aheadschemestartsto payoff asthesizesof theexamplesgrow
larger.

Thecomparisonaboveassumesthattheaveragepathlengthis
thedominantfactorin decidinglogic functionevaluationtimein
software. Otherfactorslike softwareimplementationandcom-
puterarchitecturesareassumedto be equalfor all approaches
comparedherein.

V. CONCLUSIONS

We presenteda new framework for functionalevaluationof
multi-valuedrelations,which is a generalizationof traditional
logic simulationtechniques.It hasdirect applicationin logic
simulation,functionalequivalencechecking,aswell assoftware
synthesisfrom statemachinesfor embeddedcontrol applica-
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APL SIZE (# nodes) Computationtime (sec)
PI IN O BDD FBDD ENTR LAHF BDD FBDD ENTR LAHF FBDD ENTR LAHF

noname 2 12 4 3.50 3.50 3.00 2.67 11 11 6 6 0.00 0.02 0.06
adder 3 64 4 6.00 6.00 7.73 7.73 19 63 30 30 0.00 1.55 8.76

maxmin 3 125 5 5.21 5.21 5.15 4.71 48 68 32 30 0.08 33.07 167.68
xor all 3 96 4 6.00 6.00 5.69 5.69 28 79 32 32 0.01 7.07 34.15

alg 4 625 5 5.04 2.62 1.70 1.70 74 57 8 8 0.52 4.95 33.61
balance 4 625 5 6.66 5.59 4.46 4.32 84 196 56 57 1.91 13.39 121.27
conv0 4 16 5 4.00 4.00 3.50 3.50 12 15 8 8 0.00 0.02 0.09
conv1 4 16 5 4.00 3.00 2.62 2.62 10 8 5 5 0.00 0.02 0.02

mat c12 4 81 3 5.25 5.25 5.39 5.39 32 48 21 21 0.01 0.78 5.84
mat c11 4 81 3 5.25 5.25 5.39 5.39 32 48 21 21 0.02 1.23 1.67
mat c22 4 81 3 5.25 5.25 5.39 5.39 32 48 21 21 0.20 1.43 1.69
mat c21 4 81 3 5.25 5.25 5.39 5.39 32 48 21 21 0.10 1.74 1.80

ex2 5 243 3 4.44 3.96 2.92 2.89 30 35 10 10 0.05 4.25 18.43
ex3 5 243 3 4.44 3.96 2.92 2.89 30 35 10 10 0.05 4.24 18.41

mm4 5 1024 4 5.77 4.77 4.23 3.98 69 83 29 29 0.15 2.89 15.73
mm5 5 3125 5 6.85 6.09 5.17 5.07 182 307 69 70 34.04 43.99 395.14
ex4 6 64 2 3.28 3.28 2.34 2.34 6 12 6 6 0.00 0.04 0.15

monks 6 432 2 6.93 5.97 6.95 5.99 73 145 79 73 0.24 1.32 12.36
monks3 6 432 2 5.79 4.58 4.19 4.19 71 90 69 69 0.19 0.90 6.74
monksl 6 432 2 6.51 5.40 5.01 5.01 71 106 69 69 0.19 0.94 9.24

pal2 6 64 2 4.75 3.50 3.06 3.06 21 21 6 6 0.00 0.05 0.22
pal3 6 729 2 6.39 3.79 3.32 3.32 91 78 38 38 0.45 0.85 5.64

employ 7 18000 4 6.30 3.49 1.95 1.95 123 555 33 33 147.83 19.91 144.21
ex5 7 128 2 4.05 2.64 2.17 2.17 7 13 7 7 0.00 0.13 0.33

sort b1 8 6561 3 5.40 5.40 2.23 2.23 23 510 8 8 5.28 1.11 3.38
sort b2 8 6561 3 9.02 9.00 4.49 4.49 52 1792 38 38 26.43 76.17 76.47
sort b3 8 6561 3 10.42 10.19 6.50 6.50 79 2814 92 92 68.92 76.34 75.99
sort b4 8 6561 3 10.28 9.52 7.13 7.13 96 2560 168 168 106.57 89.03 87.93
sort b5 8 6561 3 9.29 7.91 5.86 5.86 96 1470 160 160 108.03 88.76 85.79
sort b6 8 6561 3 7.56 5.99 4.18 4.18 79 544 98 98 64.18 80.24 77.77
sort b7 8 6561 3 5.25 4.00 2.69 2.69 52 126 38 38 22.66 74.22 73.65
sort b8 8 6561 3 2.66 2.00 1.33 1.33 23 16 8 8 3.47 69.85 71.27

averageratio 1.00 0.87 0.72 0.71 1.00 5.35 0.75 0.74 1.00 61.56 294.67

TABLE I

AVERAGE PATH LENGTH (APL) AND GENERALIZED COFACTORING DIAGRAM (GCD) SIZE COMPARISON ON MULTI -VALUED FUNCTIONS

tions. It is a specialtypeof logic decompositionwith different
constraintsandoptimizationcriteria.

Under this framework, we presentedan algorithm for find-
ing the optimum free BDD orderingfor fastevaluation,mea-
suredby the averagepath length of the cofactoringstructure.
In searchingfor the optimumcubecofactoring,we proposeda
symbolicrepresentationof all possiblecubecandidates,andthe
solutionrelation thatencodesall possiblesolutionsfor oneco-
factoringstep.An algorithmis givento traversetheBDD struc-
tureandto find theoptimalcubebasedon a costfunctionusing
functionalentropies.Experimentalresultson binaryandmulti-
valuedfunctionsjustify theproposedapproach.

In future research,we will further explore the generalized
functioncofactoringfor ASIPplatforms.Wewill applythegen-
eralizedcubecofactoringtechniquein embeddedsoftwaresyn-
thesis,wherefurtherconstraintsin codesizemaybeenforced.
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