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Abstract

A methodology for the design of dynamical ob-
servers for hybrid plants has been recently pro-
posed in [3]. The hybrid observer consists of two
parts: a location observer that identifies the cur-
rent location of the hybrid plant and a continu-
ous observer that estimates the continuous state
of the hybrid plant. When an appropriate set
of properties on the hybrid plant is satisfied, the
hybrid observer identifies the current location of
the plant after a finite number of steps and con-
verges exponentially to the continuous state. In
this note the previous result is extended to hybrid
models with continuous state resets.

1 Introduction

The authors investigated for years the use of a
hybrid formalism to solve control problems in au-
tomotive applications (see [1]). The hybrid con-
trol algorithms they developed are usually based
on full state feedback, while only partial informa-
tion about the state of the hybrid plant is often
available. This motivates the work on the design
of observers for hybrid systems. Some partial re-
sults are given in [2], where an application to a
power-train control problem is considered.
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In their previous paper [3], they proposed a pro-
cedure for the design of hybrid observers that
reconstruct the complete hybrid state from the
knowledge of the hybrid plant inputs and out-
puts, achieving correct identification of the plant
location sequence and exponential convergence of
the continuous state estimation error. The hybrid
observer consists of two parts: a location observer
and a continuous observer. The former identifies
the current location of the hybrid plant, while
the latter produces an estimate of the evolution
of the continuous state of the hybrid plant. In [3],
two cases are studied: in the first case, the cur-
rent discrete state of the given hybrid plant can
be reconstructed using the discrete input/output
information only, without the need of additional
information from the evolution of the continuous
part of the plant. Then, on the basis of this in-
formation, an estimate of the plant continuous
state is constructed using the continuous plant
input/output. Secondly, the case in which the
evolutions of the discrete inputs and outputs of
the hybrid plant are not sufficient to estimate the
current location is tackled. In this case, the con-
tinuous plant inputs and outputs are used to ob-
tain some additional information useful for the
identification of the current plant discrete state.

In this note the results presented in [3] are ex-
tended to hybrid plant models that contain con-
tinuous state resets.

The paper is organized as follows: in section 2



the general scheme of the hybrid observer is re-
ported and in sections 3 the synthesis of hybrid
observers for hybrid plant models that allow con-
tinuous state resets is presented.

2 Problem formulation

In this paper we consider the class of hybrid sys-
tems with linear continuous—time dynamics. A
hybrid system H of this class can be described by
a tuple

H= (Q,E,Q,QO,(b,ﬂ,X,U,Y,f,h,r)

where @ = {q1,---,qn} is the finite set of dis-
crete states (locations) with N = |Q|, ¥ is the
finite set of possible input and internal events, ¥
is the finite set of discrete outputs, and X C R",
UCIR™, and Y C IR? are the continuous state,
control and output domains, respectively. The
functions ¢, ¢ and 7 characterize the dynamics
of the discrete variables of the system as follows:

gk+1) € ¢(q(k),o(k+1)) (1)
o(k+1) € ¢ (qlk),z(tyy) ulty)  (2)
Y(k+1) € n(gk),o(k+1),q(k+1)) (3)

where ¢(k) € @ and (k) € U are, respectively,
the location and the discrete output after the k-
th input event o(k) € ¥ U{e}, and ), denotes the
unknown time at which this event takes place’.

The set-valued functions ¢ : Q x ¥ — 29 and
7n:Q XX xQ — V¥ are the transition and output
functions respectively. The function ¢ : () x X X
U — 2% specifies the subset of events that can be
executed at the current time, for a given location
and given values of the continuous state z(t) € X

!The event e is the silent event and it is introduced
to model different possible situations for the discrete dy-
namics. For example, if ¢(g,z,u) = {€}, then there is no
discrete transition enabled for the given values of z and u
while if ¢(q,z,u) = {7, €}, then it is possible either to let
time pass or to take the discrete transition associated to
o. Moreover, if ¢(g,z,u) = {7}, then the discrete transi-
tion associated to 7 is forced to occur. This is useful for
example to model internal transitions due to the contin-
uous state hitting a guard. We assume that there are no
infinitely fast event sequences.

and continuous input u(t) € U of the system. It is
worth noting that the finite set X is composed by
both exogenous input events and internal events
depending on the continuous state x and input u.

The function f : @ x X x U — R" and h :
@ X X — Y define the dynamics of the contin-
uous variables of the hybrid systems. They are
assumed to be linear and time-invariant and de-
scribed as follows:

#(t) = flgi x(t), u(t)) = Ax(t) + Biu(t) (4)
y(t) = hlg;, 2(t)) = Ciz(t) (5)

where y(t) € Y is the continuous output of the
system and A; € R™*", B; € R™"™, C; € RP*"
depend on the current plant location g;.

Finally, the function r : @ x @ x X — X de-
scribes the continuous state resets associated to
the hybrid system transitions. For each transi-

tion g¢; — g; the reset function is assumed to be
affine and described by

(6)

z(te) = (g, g, x(ty)) = R}j z(ty,) + R?j

where ?; denotes the transition time and Rilj €
R™", R}, € R".

In this paper we consider the problem of designing
a hybrid observer for hybrid plants described as
illustrated above. We assume that there is a mini-
mum separation time D between any two consec-
utive switchings of the hybrid plant. This time
interval is usually referred to as the dwell time
(see [6]).

The hybrid observer Ho is a hybrid system itself
and its task is to provide an estimate ¢(k) and
an estimate Z(t) for the current location ¢(k) and
continuous state z(t) of the hybrid plant, respec-
tively. Its inputs are the plant continuous input
and output, v and y, and the plant discrete out-
put . We denote by %, the time at which the
hybrid observer takes the k-th transition.

In particular, we present a methodology for the
design of exponentially ultimately bounded hybrid
observers defined as follows:
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Figure 1: Observer structure: location observer
and continuous observer.

Definition 1 Given a hybrid system H as in (1-
6), a hybrid observer Ho is said to be exponen-
tially ultimately bounded if there exists a positive
integer K and constants ¢ > 1, 4> 0 and b > 0
such that, Vk > K and Vt > ty,

= q(k) -
— ()] < ce™ @ (ix) — x(tx)ll + b

for every initial hybrid state (g(0),z(0)) € @ x X,
every continuous input u(7) with 7 € [0,1], every
possible input sequence o(1),...,0(k) and every
feasible output sequence 1(1),...,¢¥(k). The con-
stant | is the rate of convergence and b is the
ultimate bound.

Given a hybrid plant with state (g, z), the struc-
ture of the proposed hybrid observer Ho is il-
lustrated in Figure 1. The location observer de-
scribes the evolution of the discrete location of
Ho while the continuous observer governs the
evolution of the continuous state of Hp.

The location observer receives as input the con-
tinuous plant input wu(t) and hybrid output
(¥(k),y(t)). Its task is to provide the estimate
G(k) of the discrete location ¢(k) of the hybrid
plant at the current time. Based on the discrete
evolution of the location observer, the continuous
observer constructs an estimate Z(t) of the plant
continuous state that converges exponentially to
z(t). The continuous plant input «(¢) and output
y(t) are used by the continuous observer to this
purpose.

3 Hybrid Observer Design

In this section, exploiting the result presented
in [3], sufficient conditions for the design of a lo-
cation observer and a continuous observer achiev-
ing exponential ultimate boundness according to
Definition 1 are given.

3.1 Location-observer design

Let us introduce a definition that will be used in
the sequel:

Definition 2 Let us denote by Dy the discrete
event system (DES) associated to the hybrid sys-
tem H defined by:(1),

ok+1)ed@k)= U ¢ak),z,u)

zeX,uelU

and (8). The hybrid system H is said to be
current—location observable if the DES D4y is
alive and there exists a positive integer K such
that for every i > K and any unknown initial
location qy € Q, the state q(i) of Dy can be de-
termined from the output sequence (1), ..., (i)
for every possible input sequence o(1),...,0(i).

A straightforward design of an observer produc-
ing estimates of the state g(k) after each output
(k) can be done by computing the subset §(k) of
possible states ¢(k) that the DES Dy could have
entered when the last event o(k) occurred. The
observer O is a discrete event system itself

0= (Qo,X0,%0, 90, b0, N0)

where Qo C 29, ¥p = ¥, ¥p = Qo, and 1o =
po. Its dynamics are described by

qk+1) = ¢ol(qk),y(k+1))
o(k+1) € ¢o(q(k))

h+1) =

(7)
(8)
wo (4k), vk +1)) = a(k+1) (9)

where the input of the observer is the output (k)
of Dy and G(k) = ¢(k) € Qo is the observer
state (and output) and correspond to the subset
of possible states g(k) that the system D4 entered
when the last output ¢(k) was observed.



Figure 2: DES D; (left) and observer O; (right).

The observer transition function ¢ and the ad-
missible event function ¢p can be constructed
by inspection of the given discrete event system
D4 following the algorithm for the computation
of the current-state observation tree as described
in [4]. The construction starts from the initial
state §(0): since the initial state of Dy is un-
known, then ¢(0) = @. When the first input
event (1) is received, the observer makes a tran-
sition to the state ¢ corresponding to the set

Gg={q€Q|3s€q0)and o€ ¢(s) :
q € ¢(s,0), with (1) € n(s,0,q)}

that depends on the value of 9(1). In fact, the
number of observer states at the second level de-
pends on the number of possible distinct events
¥ (1). By iterating this step, one can easily con-
struct the third level of the tree whose nodes cor-
respond to the sets of possible states that D4, en-
tered after the second event. Since this procedure
produces at most 2V — 1 observer states, then the
construction of the observer necessarily ends.

Consider for example the DES D; in figure 2 for
which Q = {1,2,3,4}, X = {0,1} and ¥ = {a, b}.
The observer O; of this DES has four states, i.e.
Qo ={{1,2,3,4},{2,4},{3}, {4}} (see figure 2).
The following theorem gives necessary and suf-
ficient conditions for a hybrid system H to be
current—location observable in terms of the ob-
server O obtained for the DES Dy associated to
‘H. The theorem has its origins in a result of [9],
where a different definition of observability was
considered.

Theorem 3 A hybrid system H, with alive as-
sociated DES Dy, is current—location observable
if and only if the observer O of Dy defined as

Figure 3: DES D, (left) and observer O, (right).

in (7-9) verifies:

(1) the subset Eo C Qo of singleton states of O
18 nonempty;

(1) every primary cycle of O includes at least one
state in Ep;

(i17) the subset Ep is po-invariant.?

The following examples illustrate how Theorem 3
works. For the DES D; and the corresponding
observer O; in figure 2, Eo = {{3},{4}} and
the only cycle of O; is composed of states of Fp.
Moreover it is easy to verify that the set Fp is
invariant. Then, D; is current—location observ-
able. Consider next the DES D, and its observer
O, in Figure 3. The observer has three states:
Qo = {{1,2,3,4},{2,4},{3}}, Eo = {{3}} and
the only cycle of Oy includes state 3. However,
since state Fo is not pp—invariant, then D5 is not
current—location observable. Note that while it
is easy to check whether conditions (i) and (ii)
of Theorem 3 are satisfied, verifying condition
(#4) is more involved. An algorithm of complex-
ity O(|Qo|) to check pp-invariance can be found
in [10].

When the evolutions of the discrete inputs and
outputs of the hybrid plant are not sufficient
to estimate the current location, the continuous
plant inputs and outputs can be used to obtain
some additional information. It is worth noting
that unfortunately, the processing of the contin-
uous signals of the plant gives reliable discrete
information only after some delay with respect
to plant location switchings and this results in a
coupling between the location observer parame-
ters and the continuous observer parameters.

2Following [10], a set S is said to be g-invariant if
UqES UJ€¢(q) @ (qa 0) C S.
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Figure 4: Location observer structure.

Residual signals can be used to detect a change
in the continuous dynamics of the plant and the
resulting signatures can be used as additional in-
puts to the current-location observer.

Introduction of signatures. Consider for ex-
ample a hybrid plant whose discrete behavior is
represented by the system D, depiected in Fig-
ure 3. Assume that a signature r can be pro-
duced to detect the continuous dynamics associ-
ated to location 2 (which is assumed to be differ-
ent from the others) as soon as the hybrid plant
enters location 2. Then, signal 7 can be used as
an input for the discrete observer. A represen-
tation of the DES associated to the hybrid plant
composed with the generator of the signature o
can be obtained by adding an output ry to each
arc entering location 2. By doing this the DES D;
shown in Figure 5 is obtained from D,. By the
introduction of signature ry, the hybrid system
becomes current—location observable. Figure 5
shows the observer of D3, obtained applying the
synthesis described in (7-9).

Figure 5: DES D3 (left) and observer Oj (right).

In the general case, if the hybrid plant is not
current—location observable, then one may intro-
duce a number of signatures detecting some of
the different continuous dynamics of the plant
to achieve current—location observability for the
combination of the hybrid plant and the signature
generator. Necessary and sufficient conditions

for current—location observability of the composi-
tion hybrid plant and the signature generator are
given in Theorem 3. If dynamics parameters in
(4-5) are different in each location, then current—
location observability can always be achieved in
this way. The complete scheme of the location ob-
server is shown in Figure 4. The signatures gen-
erator is described in the following section and
the location identification logic is the discrete ob-
server (7-9).

Signatures generator. The task of the signa-
ture generator is similar to that of a fault de-
tection and identification algorithm (see [8] for
a tutorial). Indeed, the signatures generator has
to decide whether or not the continuous system
is obeying to a particular dynamics in a set of
known ones. Assuming that the location observer
has properly recognized that the hybrid plant is
in location ¢;, i.e. ¢ = {¢;}, then the location
observer should detect a fault from the evolution
of u(t) and y(¢) when the hybrid plant changes
the location to some ¢; # ¢; and should identify
the new location g;. The time delay in the loca-
tion change detection and identification is critical
to the convergence of the overall hybrid observer.
We denote by A an upper bound for such delay
and we assume that it is lower than the plant
dwell time D (see [6]), i.e. A < D.

Since, when a change of location occurs, the con-
tinuous dynamics of the plant suddenly change,
then the fault detection algorithms of interest are
those designed for abrupt faults [5]. The general
scheme is composed of three cascade blocks: the
residuals generator, the decision function, and the
fault decision logic, renamed here location identi-
fication logic, see Figure 4. The signature genera-
tor is the pair residuals generator—decision func-
tion. Assume that, in order to achieve current—



location observability for the hybrid plant the sig-
nature generator has to detect N’ different con-
tinuous dynamics (4-5) associated to a subset of
states R C ). The simplest and most reliable
approach for our application is to use a bank of
N' Luenberger observers (see [5]), one for each
plant dynamics in R, as residual generators:

Hij(t) + Bju(t) + L]y(t)
Ciz;(t) — y(t)

i
.
—

~
N—

I

where H; = A; — L;C; and L; are design pa-
rameters. The N’ residual signals 7; are used
to identify the continuous dynamics the plant is
obeying to. Indeed, no-vanishing residuals 7;(t)
correspond to j # 4. The decision function out-
puts N’ binary signals as follows:

true
false

if |7 (1) < e

it |70 > 12

r;(t) = {
for j = 1,..., N', where the threshold ¢ is a de-
sign parameter. In the following theorem, a suf-
ficient condition for ensuring r; = true within a
time A after a transition of the hybrid plant to a
dynamics (4;, B;, C;) is presented.

Theorem 4 For a given A > 0, ¢ > 0 and a
given upper bound Zy on ||z —z;||, if the estimator
gains L; in (10) are chosen such that H; = A; —
L;C; have distint eigenvalues and

a(H;) < (13)

1 Cil| k(H;) Z,
L M) 2
then r; becomes true before a time A elapses after

a change in the plant dynamics parameters to the
values (A;, B;, C;).

Consider the j—th residual generator and assume
that there is a transition from location g¢; to lo-
cation ¢;, so that the continuous state x of the
hybrid plant is governed by dynamics defined by
parameters (A4;, B;,C;) # (4;, B;,C;). Unfortu-
nately, as shown for example by the following the-
orem, there are cases where we cannot prevent the
signal r; from remaining true for an unbounded
time:

Theorem 5 If the matriz (C; — C;)B; + C;(B; —
B;) is invertible, with i # j, then for any hybrid
plant wnitial condition, the class of plant inputs
u(t) that achieves r;(t) = true for all t > A af-
ter a change in the plant dynamics parameters to
(A;, B;, C;) is not empty.

In the general case, the set of configurations
and the class of plant inputs for which the sig-
natures (12) fail to properly identify the con-
tinuous dynamics can be obtained by comput-
ing the maximal safe set and the maximal con-
troller for dynamics (4-5) and (10-11) with re-
spect to a safety specification defined in an ex-
tended state space that contains an extra vari-
able 7 representing the elapsed time after a plant
transition. More precisely, the set of configura-
tions for which a wrong signature may be pro-
duced up to a time t' > A after a plant location
change, is given by those configurations (0, z°, 27)
from which there exists a plant continuous in-
put u(t) able to keep the trajectory inside the
set [0,1] x {(x,zj) eR™| ||Cjz — Ciz]| < 5}.
However, since in pratical applications the result-
ing maximal controller is very small, the case of
not proper identification is unlikely to occur.

3.2 Continuous observer design

The continuous observer, which® describes the
evolution of the estimate Z(t) of the plant contin-
uous state z(t), is as follows:

1. to each location observer state ¢ is associated
the continuous dynamics

(t) =0 if € Qo \ Eo
(t) = (4 — GiCy) (1) + Biu(t) + Giy(t)
if §={a¢:} € Eo

ISI

IS

(14)
where A;, B;, C; are as in (4-5), and the ob-
server gain matrix G; € R"*? is the design
parameter used to set the velocity of conver-
gence in each location § € Ep.

2. to each location observer transition {¢;} —
{g;}, with {¢;} € Eo and ¢; € Reach(g;) =



{q | q € p(g;,0) with o € Q_S(qz)}, is associ-
ated the reset

z(te) = 2(t]) =

where %, denotes the k-th location obser-

vation transition time, and Rj;, R}; are as
in (6).

Ry a(iy) + R (15)

Exponential convergence of the continuous ob-
server is analyzed considering the complete hy-
brid system Hp ® Ho obtained by composing the
hybrid model Hp and the observer hybrid model
Ho as defined above, from the time {x at which
the location observer enters the pp-invariant sub-
set Ep of singleton locations.

The discrete states of the overall hybrid system
Hp ® Ho are of type (g;, {¢;}), the former corre-
sponding to plant locations ¢; € @ and the latter
corresponding to observer locations {¢;} € Qo.
The continuous dynamics of the overall hybrid
system Hp @ Ho that govern the evolution of the
composed state (z,() for locations in the subset
R x Ep are as follows:

1. to each location (g, §) in the subset @ x Ep
are associated the continuous dynamics

z(t) = A;jz(t)+ Bu(t) ifg=¢; (16)
and
{ C(t) = F;((t) if ¢ = {ai} (17)
C(t) = E; () +v5(t)  if § # {g:}
where F; = A; — G;C; and v;(t) =
(A — A) = G, (G, Clalt) + (B —
Bi)u(t).

2. to each discrete transition between locations
in the subset () x Eo the following resets are
applied:

3The Luenberger observers (10) contained in the resid-
ual generators, which are designed to converge to the same
state variable x, do not provide a satisfactory estimate of
the evolution of z since they are tuning according to (13)
in order to meet the specification of producing a residual
with a transient time less than A. Hence, they exhibit a
large overshoot which is undesirable for feedback purpose.

(a) for transitions (g;,{qc}) (95> {ae}),
with ¢; # g;, occuring at times ¢ # i, the
continuous state (z, ) is subject to the reset

z(te) = Rj; x(ty) + R,
C(ty) = C(t;) — Ry + [1 —

(18)
R;la(ty) (19)

(b) for transitions (g, {¢;}) — (qg,{q,})

with {g;} # {g;}, occuring at times #; # ,
only the component ( of the continuous state

is reset according to

C(tk) R}z (tx) (20)
(c) for tramsitions (g;,{g;}) — (¢ {a}),
with ¢; # g;, occuring at times ¢, = 1, the

continuous state (z,() is subject to the re-
sets (18) and

C(ty) =

= RjC(f;) + Ry — [ -

RjC (1) (21)
Notice that the description above is complete
in the sense that if the hybrid plant Hp and
the hybrid observer Ho make a transition syn-
chronously at some time ¢, = 5, then necessarily
the transition is between plant locations correctly
identified by the hybrid observer. This is because
of the dwell-time hypothesis and the assumption
of identification within time A < D.

Dynamics (16-17) are readily obtained from (4)
and (14). While resets (19) and (20) are given

by (6) and (15).

Let us introduce the following notation (see [11]):

|M|| and ||M|l are the I, and the Iy

norm of a matrix (or vector) M, respectively.

|lm(t)]|c = max sup |my(t)|, the L, norm of
k=14 >0

¢—dimensional sig_nals m R — RY% and
lm(t)]: = max > / \m;;(7)| dr, the L; norm

1 j=1,
of ¢ x q—dlmensmnal signals m : R — R,

Moreover, given a square matrix A, let a(A) =
max{Re(\) | A such that det(A — AI) = 0} de-
note the spectral abscissa of A and k(A) =
T\ |77, with T such that T-'AT is in the
Jordan canonical form.



Theorem 6 Given a hybrid system Hp as in (1-
6) with dwell time D such that matrices A; in (4)
have dinstict eigenvalues for each i such that
{¢;} € Eo, if for each {¢;} € Eo there exist gain
matrices G; such that

1. F; = A, — G;C; has distint eigenvalues;

2. the location observer identifies a change in
the hybrid system location within time A with
0< A<Dy

max{0, log[r] k(F})]

.o
3. a(F;) + D_A

<—p<0

where r; =  max

q;€ Reach(q;
server Ho s exponentially wultimately bounded

with rate of convergence .

R, then the hybrid ob-
)Y

By choosing A small enough, the ultimate
bound can be made as close as desired to
the threshoold value maX(y}er, MAXy e Reach(q;)
{kE) (IR + 1 = Ryl - llz(ll) }. - I the
case of absence of continuous state resets, any de-
sired value for the ultimate bound can be achieved
for A small enough.

The following results will be used in the proof of
Theorem 6.

Lemma 7 ([7]) Let A € R™" be a matriz with
distinct eigenvalues. Then

e < k(A) et vE>0 (22)

If F € R™" is another matriz with distinct
eigenvalues and o(F) < a(A) < 0, then, Vt > 0,

11— || < k(A Al
le” — el < k()R IFII+ [ All)¢

(23)
(24)

Proof of Theorem 6. Let B, >0and B, > 0,
such that ||z(t)||e < B and ||u(t)||ec < By, so
that

lvi()llec < Vji VYV {q;} € Eo, g; € Reach(g;)

|Bj — Bil|ooBu-

Consider two subsequent transitions of the hybrid
plant Hp, occurring at times t5_; and %, respec-
tively.

Let ¢ = ¢j for t € [ty_1,t) and ¢ = ¢ €
Reach(g;) for ¢ € [ty, tx+1). By the hypothesis on
dwell time equal to D, t,—t,_1 > D. Since by hy-
pothesis 2, A < D— /3, then the location observer
identifies the £ — 1-th and k£ + 1-th state transi-
tions at some times ¢;_; and tj, respectively, with
0<tp 11—t 1 <Aand0 <t —t <A. That
is: § = {q;} for t € [t_1,%) and § = {g;} for
t € [ty,tg+1). Furthermore, notice that, by the
hypothesis on the dwell time and hypothesis 2,
ty—tp1 >ty —t1 >D—A>B>0.

Consider the time interval [f_;,%;). The com-
posed hybrid system Hp @ Ho lies on

e location (g;, {g;}) for t € [tx_1,t), and

e location (g;, {g;}) for t € [tg, k).

Since in the time interval [t;_;,%;) the location
observer properly identifies the plant location g,
then according to (17) the ( is subject to an
autonomous dynamic that convergences to zero
if the matrix F; is Hurwitz for some choice of
the observer gain G;. In particular, we assume
that observer gains G; satisfying hyphotesis 3, for
some (3 € (0, D), can be selected.

However, due to the mismatch between the plant
location and the observer location for t € [ty, 1),
¢(t) may fail to converge later due to the injec-
tion of the disturbance vj;(t) in (17). Hence, the
convergent behavior for ¢ € [t;_1,%) has to com-
pensate the divergent behavior for ¢ € [ty, ;).

By integrating (17), we have
C(t) = M B0C(ly ) Vi€ [Br,te)  (25)
and, by (19),
C(t) = C(ty) — By + [T — RjJa(ty)
= M (B ) — RY; + [T — Rja(ty) (26)
Hence, by integrating (17), for ¢ € [tx, ) we have
¢(t)

oFi (t*fk—l)g(fk_l) —¢Fi (tftk)R;)i



+efi T — Rz (ty,)
bt
+/ eFI 0Ty (7 + 1) dr (27)
0
Vite [tk, ik) Finally, by (20)
C(t)
_[I

=R}, C(A’)+R° —[I-

Ry [

Fj(tr—t,— 1)C(tk—1)+[(
Fi(f—te) _ eAi(fk—tk)) ]

_ eAi(ik—tk))Rl +[(I -

0] Yty -
Bo—te .

/ ’ gAi(t’“’t’“’T)Biu(T + tg) dr
0

R}] ettty (ty,)

A itk=t=") B su(T + tg) dr

_ eAi(fk—tk))

R+ {11 R
Fj(tr— tk))Rl
1

[I - Ry

_ Rl
—Rl (
(eF i (b —te)

1
_{%jz' (I—e

fk*tk N
+RY, / eFiE—tT)y (7 4 t,) dr (28)
0
Then, an upper bound for the norm of the ob-
servation error ||C|| at each time tj is obtained as
follows.

Since by hypothesis 1 the observation matri-
ces F; = A; — G;C; have distint eigenvalues,
then by (22) we have ||R}; efi(tet-1)((f,_y)|| <
ri k(Fj) e® Fj)(k~t-1)||¢ (f,_1)||.  Moreover, since
tk — {41 > (3, then by condition 3 it follows that
7-]1, k(Fj) e F) (B —tr—1) :elog[T} k(Fj) [+a(Fy) (f—tk-1)

max{O,log[T]l- k(F1

a(Fj)+ 7 (te—tk—1)

<e < e e —t—1)
1R} €00 ()| < et || ¢ ()|
(29)
By (23-24), terms right multiplied by R}; and
z(t; ) are upper bounded by

[ k(A [|Ail] + k(A)E(E;) (Al + [TE51)
IRl TR A = b3 A (30)
[ k(A k(E (LA + IFSIDIE = Ryl 125
+2k(F)IF5|[I|1Rjll ] BoA = b3, B A (31)

respectively. Furthermore, for the v;; forced term,
since by hypothesis 2, tx — tx < A, then

tp—t
B, [ e+ ) dr

< IR sup sl [

< || Rjillv/nk(F )ngA—b?iVjiA (32)
Finally, by the same arguments, the u(t) forced

term is bounded by

17 — Rjillv/nk(A:)||Bi|| B.A = bj;B.A  (33)
By using (29-33), the norm of the observation
error is upper bounded at each observer transition
time #;, as follows:

ISRl < e O [[C(Er) | + DA (34)
{qj} c E(f) { J J Je’d J }

¢; € Reach(g;)

Since f — t;_, >  and e ## < 1, then from (34)
we obtain

PO k o
I < &5 (i + b Y e
h=K

< e M | (k) | + bA f o)
h=K

bA

-t e + 2

(35)
The above inequality shows that the value of the
norm of the observation error after each location
observer transition is upper bounded by an expo-

nential with rate —u that converges to the value
bA
1—e—nD-

Substituting the upper bound (35) into (25), we
have

IS < k(Fy) e ¢ (Ex) | +

k(F;)bA

1 —euB (36)

Vite [Ekfl,tk).
into (27), we have

Moreover, substituting (35)

IO < KR +H) s
+VnV;i} A+ k() (IR R}||B;) (37)

Vite [tk,fk). An upper bound for the evolution
of ((t), for t > tx and any switching sequence

ill + 111 =



of plant locations, is now obtained comparing the
expressions (36) and (37):

IS < coe ™ I¢ (tx) | + 1A + o
where ¢, = max{g;jero {k(£3)} and
max

s ke (1= v

g; € Reach(qj)
{k(E) (IS +117 = R 1B2))

C1 =

max
{4} € Eo
¢; € Reach(g;)

Cy =

This proves exponential ultimate boundness of
the hybrid observer to the ultimate bound ¢; A +
co- By choosing A small enough, the minimum
lower bound ¢ can be approached.

Finally, in the case of absence of continuous state
resets, i.e. R); =0 and R}; = I for every {g;} €
Eo and ¢; € Reach(g;), any given ultimate bound
can be attained by choosing an appropriate A. m
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