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Abstract

The design of engine control systems has been tra-
ditionally carried out using heuristic techniques val-
idated by simulation and prototyping using approx-
imate average-value models. Increasing demands on
controllers performance call for more robust tech-
niques and the use of cycle{accurate models. In
this paper we present a hybrid model of the engine
and powertrain in which both continuous and discrete
time{domain as well as event-based phenomena are
modeled in a separate but integrated manner.
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1 INTRODUCTION

Hybrid systems have been the subject of intensive
study in the past few years by both the control and the
computer{science communities. Particular emphasis
has been placed on a uni�ed representation of hybrid
models ([1, 2, 3]). Some classical problems such as
reachability analysis ([4]), stability and safety ([5, 6])
have been investigated and tools for their solutions,
i.e. HyTech, Kronos, Checkmate, developed.
In this paper, we focus on an application domain

for hybrid system theory that is of great industrial
interest: automotive engine and power{train control.
The engine control problem is very complex (see e.g.
[7, 8]). The goals for the control strategy are, in gen-
eral, given in terms of emissions and torque but it is
often the case that sub{goals are given by car manu-
facturers on all the sub{systems composing the power{
train. In order to extend the performance and the
functionality of engine embedded controllers, we be-
lieve that it is important to use more accurate models
than the ones proposed so far. An accurate model of
a four{stroke gasoline engine has a \natural" hybrid
representation because
� pistons have four modes of operation correspond-

ing to the stroke they are in. Hence their behavior can

1This research has been partially sponsored by PARADES,
a Cadence, Magneti-Marelli and SGS-Thomson GEIE, by CNR
and by GSRC.

be represented with a �nite state model;
� power{train and air dynamics are continuous{

time processes.

In addition, these processes interact tightly. In fact,
the timing of the transitions between two phases of the
pistons is determined by the continuous motion of the
power{train, which, in turn, depends on the torque
produced by each piston. In this paper, we present a
hybrid model for the power{train.

2 BACKGROUND

Hybrid systems can be viewed as formalisms for de-
scribing a complex system using combinations of mod-
els of computation (MOCs) when a single one is not
powerful, expressive or practical enough. We use the
theory behind the notion of models of computation to
identify the role of the interfaces among the di�erent
components of the power{train hybrid model.

2.1 The Tagged-Signal Model

The tagged-signal model (TSM) proposed by Lee and
Sangiovanni-Vincentelli [9] de�nes a semantic frame-
work within which models of computation can be stud-
ied and compared. The fundamental entity in the
TSM is an event: a value/tag pair (v; t). Tags are
often used to denote temporal behavior. Given a set
of values V and a set of tags T , an event is an element
of V � T . A signal s is a set of events, and thus is a
subset of V � T . A functional (or deterministic) sig-
nal is a (possibly partial) function from T to V . The
set of all signals is denoted S. A tuple of n signals
is denoted s, and the set of all such tuples is denoted
Sn.

The issue of time representation has been central to
all modeling e�orts. We argue that representing spec-
i�cations using physical time equivalents may result in
over speci�cations and as a consequence, less e�cient
designs. For example, data manipulation operations
can often be performed concurrently as long as certain
precedence relations are satis�ed.
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Processes. A process P is a subset of the set of
all n-tuples of signals Sn for some n. A particular
s 2 Sn is said to satisfy the process P if s 2 P . An
s that satis�es a process is called a behavior of the
process. Thus a process is a set of possible behaviors,
or a relation between signals. In a timed process T
is totally ordered, in an untimed process, T is only
partially ordered. Intuitively, a set of processes op-
erate concurrently , and constraints imposed on their
signal tags de�ne communication among them. For
many (but not all) applications, it is natural to parti-
tion the signals associated with a process into inputs

and outputs. A process with i inputs and o outputs
is a subset of Si � So, where (Si; So) is a partition
of Sn and n = i + o. Thus, a process de�nes a re-

lation between input signals and output signals. An
s can be written s = (s1; s2), where s1 2 Si is an
i-tuple of input signals for process P and s2 2 So is
an o-tuple of output signals for process P . A process
F is functional (or deterministic) with respect to an
input/output partition if it is a single-valued, possibly
partial, mapping from Si to So.

The time. In classical transformational systems,
such as personal computers, the correct result is the
primary concern|when it arrives is less important
(although whether it arrives is important). By con-
trast, embedded systems are usually real-time sys-
tems, where the time at which a computation takes
place is very important. As mentioned previously,
di�erent models of time become di�erent order rela-
tions on the set of tags T in the tagged-signal model.
Implicit communication generally requires totally or-
dered tags (timed processes), usually identi�ed with
physical time. The tags in ametric timed process have
the notion of a \distance" between them. Two events
are synchronous if they have the same tag. Two sig-
nals are synchronous if each event in one signal is syn-
chronous with an event in the other signal and vice
versa. A synchronous process is one in which every
signal in the process is synchronous with every other
signal in the process. An asynchronous process is a
process in which no two events can have the same tag.
Note that asynchronous processes in our framework
are a subset of non synchronous processes.

2.2 Models of computation used in our model

Timed MOCs will be used in the description of our
system2. In particular, we use:

Finite State Machines . An FSM is a synchronous
TSM process in which the tags take values in the set of
integers and the sets of inputs, outputs and states are
�nite. The tags represent the ordering of the sequence
of events in the signals, not physical time, and are

2Note that the speci�cation for the controller may use un-
timed models. In this paper we focus on physical models and
this is the reason for the use of timed models.

globally ordered.

Sequential Systems . An SS is a synchronous TSM
process in which the tags take values in the set of
integers and the inputs, outputs and states assume
values on in�nite sets;

Discrete-Event Systems . In a DES, tags are order-
isomorphic with the natural numbers and assume val-
ues on the set of real numbers. The tags represent the
values of the time at which the events occur.

Continuous{Time Systems . A CTS is a metric
timed TSM process, where T is a connected set.

3 POWERTRAIN HYBRID MODEL

In this section, we propose a new model of a power{
train with a N{cylinder 4{stroke engine. The overall
system is composed of four main interacting blocks,
namely the intake manifold, the cylinders, the power-
train and the actuators (Figure 1). In this paper sys-
tems are represented as interacting processes of het-
erogeneous MOCs. The general properties of the over-
all system depend critically on such interaction.
The manifold pressure p is controlled by the throttle
valve, which, in the electronic{throttle case, is pow-
ered by an electrical motor. We denote by V� and �
the motor input voltage and the throttle-valve posi-
tion, respectively. The mass of air loaded in the cylin-
ders depends on the pressure p and on the crankshaft
revolution speed n. The torque T produced by the
engine is given by �N

i=1T
i, where T i is the torque gen-

erated by the i{th cylinder, which is determined by
the mass of loaded air mi, the mass of fuel qi injected
in the cylinder, and the sparki ignition command3.
The timing sequence of the four strokes of each cylin-
der is determined by the continuous motion of the
crankshaft. We denote by � the crankshaft angular
position, which is obtained by the integration of the
crankshaft velocity n. The ignition subsystem gener-
ates, for each cylinder, the spark signal sparki at the
instant of time speci�ed by the desired spark advance
~'i. The injection subsystem injects an amount of fuel
qi according to the desired value ~qi. By measuring
the crankshaft angle �, both actuation systems syn-
chronize with the evolution of the cylinders. Finally,
the power-train dynamics and the crankshaft revolu-
tion speed n, controlled by the generated torque T ,
are subject to the sum of a number of load torques,
Tl, and depend on the position of the clutch and the
selection of the gear.

A detailed description of the four blocks that com-
pose the engine and power-train system and of their
interactions follows.

3From this point on, we use the superscript i to indicate
variables related to the i{th cylinder.
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Figure 1: The power{train blocks.

3.1 The intake manifold

Manifold pressure dynamics is a continuous-time pro-
cess controlled by the throttle-valve position � that
changes the e�ective section of the intake rail of the
manifold. Denoting by p the mean-value pressure,
manifold dynamics is modeled as (see [10]):

_p(t) = ap[n(t); p(t)]n(t)p(t) + bp[p(t)] s[�(t)] (1)

where s(�) is the equivalent throttle area, given in
terms of throttle angle �. Parameters ap and bp de-
pend in a strongly nonlinear fashion on the geometric
characteristics of the manifold, on the physical charac-
teristics of the gas and atmosphere, and on the current
value of the pressure p and engine speed n. The dy-
namics of actuation of the throttle valve is modeled
by a linear �rst{order dynamical system.

3.2 The cylinder

The cylinder model is the most complex. The pro-
�le of the torque T i generated by each piston depends
on the phases of the cylinder, the piston position �i,
the mass mi of air, the mass qi of fuel both loaded
in the cylinder during the intake phase, and on the
spark ignition timing. In a 4{stroke combustion en-
gine, a piston reaches the Top Dead Center (TDC)
(Bottom Dead Center (BDC)) when it is at its up-
permost (lowermost) position. Each cylinder cycles
through the following four phases:
intake (I). The piston goes down from the TDC to

the BDC loading the air{fuel mix;
compression (C). The trapped mix is compressed

by the piston during its upward movement;
expansion (E). The combustion takes place pushing

down the piston from the TDC to the BDC;
exhaust (H). During its upward movement the pis-

ton expels combustion exhaust gases.
Let �i be the position of the i{th piston, expressed in
terms of the corresponding crank angle, with respect
to the last Dead Center (DC), that is

�i(t) = [�(t) � �i0] mod 180o; (2)

where �i0 is the value of � for which the i-th cylin-
der is at a DC. This corresponds to reset �i at the

beginning of each phase. Note that since the pistons
are connected to the crankshaft their positions �i are
related to each other.
The quantitymi of air loaded into each cylinder at the
end of the intake run depends, in a nonlinear fashion,
on the evolution of the intake manifold pressure and
the crankshaft speed. The amount of air loaded up
to time t, denoted by mi(t), is sampled at the intake
BDC time t` to obtain the loaded air for the current
engine cycle. The amount of fuel qi that can be in-
jected is subject to constraints to limit emissions and
to increase e�ciency. These constraints are usually

expressed in terms of the air-to-fuel ratio A=F = mi

qi

of the mixture. When A=F = 14:64, the mix is said
to be at stoichiometry, which is a desirable operating
point for emissions4.
Spark ignition must occur at every cycle. It is conve-
nient to produce a spark before the piston completes
the compression stroke (positive spark advance), to
achieve maximum fuel e�ciency. Producing a spark
after the piston has completed the compression phase
and is in the expansion stroke (negative spark ad-

vance) may be used to reduce drastically the value of
the torque generated during the expansion run. The
spark ignition time5is commonly de�ned in terms of
the spark advance 'i, which denotes the di�erence
between the angle of the crank at the TDC between
compression and expansion and the one at the time of
ignition tij :

'i =

�
180o � �i(tij) for positive spark advance
��i(tij) for negative spark advance

(3)
The spark advance and the amount of injected fuel is
set at each cycle to control the generated torque.
The air-fuel mixture is loaded in the cylinder during
the intake stroke while the torque generation starts
after the spark is ignited. Hence, to complete the de-
scription of the torque generation process, we need to
model the delay between the time at which the mix-
ture is loaded and the time at which the corresponding
active torque is generated. The overall model of the
torque generation process for a single cylinder consists
of four communicating processes of di�erent MOCs:
(1) an FSM, modeling the 4-stroke engine cycle, (2) a
DES, modeling the discrete delay on the active torque
generation, and (3) two memory-less CTSs, modeling

4Rich mixtures A=F < 14:64 produce excess of CO and
HC, while lean mixtures A=F > 14:64 have excess of NOx.
The e�ciency of three{way catalytic converters, commonly used
to reduce emissions, is satisfactory only in a narrow range
around the stoichiometry (�5%). This results in an interval
[qmin; qmax] = [15:4�1; 13:9�1]mi of admissible values for the
injected fuel.

5Note that the spark advance has to be bounded both from
above and from below to prevent the mix from not burning
uniformly thus causing undesired knocking (upper bound) and
from mis�ring (lower bound), which causes undesired pollu-
tants.
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Figure 2: FSM of the i{th cylinder.

the air intake process and the pro�le of the generated
torque.
Engine cycle FSM. This part of the cylinder model
is used to capture the sequential nature of the behav-
ior of the cylinders. Based on the events generated by
the spark ignition signal and by the reaching of dead
centers, the FSM takes a transition and outputs the
appropriate information to coordinate the other parts.
The four phases of the piston are associated to the
states of an FSM that represents the behavior of the
cylinder. A state transition would then occur when
the piston reaches a dead center. However, the torque
generated by the piston is related not only to the four
phases of the piston but also to the spark generation
process. Since spark ignition may occur either during
the compression stroke or during the expansion stroke,
a six state FSM is needed to model the possible be-
haviors of the cylinder. The cylinder FSM is shown in
Figure 2. The FSM state sik takes one of the following
values: I (Intake), BS (Before Spark), PA (Positive
Advance), NA (Negative Advance), AS (After Spark)
H (Exhaust). The cylinder changes phase either when
a spark is given (FSM input event uik = spark i or
uik = spark&DC i if the spark is given exactly at the
dead center), or when a dead center is reached (FSM
input event uik = DC i). The evolution of the torque
produced by the cylinder depends on the transitions of
the FSM, provided by the output oik of the FSM that
takes the following values: BS2AS, BS2PA, BS2NA,
PA2AS, NA2AS, AS2H, H2I and I2BS. The next{
state and output functions of the cylinder FSM

sik+1 = �(sik; u
i
k); oik = �(sik ; u

i
k) (4)

are shown in Figure 2. Note that, for the sake of no-
tational simplicity, we dropped the superscript i, indi-
cating the correspondence of the variable with cylinder
i, from the index k.
Air-intake CTS. Assuming small variations of the
crankshaft speed n during intake and recalling that p

represents the pressure mean{value over the engine
cycle, air intake can be described by the following
memory{less CTS

mi(t) = w[p(t); n(t)] : (5)

This model can be further re�ned by describing the
opening and closing of intake valves, which are syn-
chronized with the piston position �i. In this paper,
we will use w[p(t); n(t)] proportional to the product
a[p(t); n(t)] p(t) with a(�) as in (1).

Modeling the torque pro�le with a CTS. The
pro�le of the torque T i produced by the i{th piston
as �i evolves, is modeled by a memory{less CTS

T i(t) = goi
k

[yik; �
i(t)] (6)

where oik is the current FSM output and yik collects
the values (mi; qi; 'i) and changes only at the FSM
transitions.

This representation is general enough to allow the ac-
curate description of complex torque pro�les. How-
ever, in this paper, we restrict ourselves to a sim-
pler model obtained by abstracting away the details
of the combustion process as well as those related to
gas pumping in and out of the cylinder. We set to
zero the torque T i during the passive phases of the
cylinder, but we take into account the loss of energy
due to these phases by reducing the amount of torque
generated during the active phase. As a consequence
of this simpli�cation, the pro�le T i is described by
a piece-wise constant function that is assumed to be
zero everywhere except in the expansion phase when
the spark ignition command has already been given,
i.e., gBS2PA = gBS2NA = gAS2H = gH2I = gI2BS � 0;
gPA2AS = gBS2AS = gNA2AS = Gf qi �('i) where:
the gain Gf represents the potential value of the
torque that can be achieved by the given mix.

Torque generation DES. The delay on active
torque generation, which is characteristic of 4{stroke
engine cycles, is modeled by means of a DES synchro-
nized with the FSM transitions and whose dynamics
depends on the FSM transitions:

zik+1 = foi
k

(zik; v
i
k)

yik = hoi
k

(zik; v
i
k)

(7)

where oik denotes the k{th FSM transition. The com-
ponents of the DES input vector vik are the mass of
loaded airmi, the mass of injected fuel qi, and the pis-
ton position �i (used to compute the spark advance 'i

according to (3). The DES state zik is used to model
the delay between the mixture intake and the active
torque generation, while the DES output yik provides
the values (mi; qi; 'i) to the CTS describing the pro-
�le of the engine torque (6).

The functions foi
k

and hoi
k

describing the dynamics
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Figure 3: TSM hybrid model of the i{th cylinder.

and the output of the DES are the following:

fI2BS = hI2BS = (mi
k; q

i
k; 0)

fBS2PA = hBS2PA = zik + (0; 0; 180o � �ik)
fNA2AS = hNA2AS = zik + (0; 0; ��ik)

and fBS2NA = hBS2NA = zik otherwise. Consider for
example the torque produced in the state AS when a
positive spark advance has been applied, i.e. T i(t) =
gPA2AS [y

i
k; �

i(t)]. According to the DES dynamics
this torque depends on the value of the DES output yik
at the transition PA! AS, which in turn depends on
valuesmi

k�2; q
i
k�2 at the transition I ! BS, i.e.: yik =

zik = zik�1 + (0; 0; 180o� �ik�1) = (mi
k�2; q

i
k�2; 180

o �
�ik�1). This shows how the DES model captures the
delays in the torque generation process: a one{step
delay associated to the spark ignition and a two{step
delay associated to the mix mass.
Composing the MOCs describing the cylinder.

Figure 3 shows the (non trivial) interactions among
the MOCs modeling the di�erent phenomena in the
cylinder behavior. Using the TSM framework, we can
underline the importance of sequencing and timing of
events in the torque generation process and, hence, be
more e�ective in the synthesis of control algorithms.
A transition in the FSM is caused by two possible

events, spark i and DC i, which may occur at the same
time. The �rst task of the composition of the MOCs
is to collect all the events that cause a transition in
the FSM (producing a single input to the FSM) and
the times at which these events occur. Note that the
FSM uses only the information about the sequencing
of events, not their exact timing. However, torque
generation does need time information since it feeds
a continuous time system (the model of the power{
train) and the inputs to that CTS have to be correctly
placed in time. Hence, the block that takes care of col-
lecting the events is also responsible for generating the
right coupling of sequence indexes and actual times.
The input signals (spark i; tij), (DC i; tih), are re-

ceived by the signal merge 1 process at times tij (spark

ignition times), tih (DC times), respectively. This pro-
cess merges the input signals to yield the FSM input
signal (uik; k), where k is the index of the totally or-
dered sequence ftikg = ftijg [ ft

i
hg, so that ft

i
kg is the

sequence of times tik at which the FSM associated to
the i{th cylinder takes the k{th transition. Note that
uik takes the value (spark&DC

i; tij) when tij = tih. The

signals (k; tik) and (oik; t
i
k) are also produced as out-

puts to coordinate the other parts of the model. Sig-
nal (oik; k) is received by the SS to select the current
dynamics foi

k

and output hoi
k

. Signal (oik ; t
i
k) is used

by the torque pro�le CTS and by the two samplers.
The sequence of sampling times ftijg (corresponding
to the spark ignition times) is extracted from the sig-
nal (oik; t

i
k), by taking the tags t

i
k for which o

i
k assumes

value in fBS2PA;BS2AS;NA2ASg. Similarly, sam-
pling times fti`g (corresponding to intake BDC times)
are extracted from the signal (oik; t

i
k), by taking the

tags tik for which oik assumes the value I2BS.
The CTS that represents torque generation needs

the piston position, a continuous time variable, the
phase of the cylinder (provided directly by the FSM
output), the amount of air and fuel that was loaded
at the end of the intake phase as well as the spark
advance. The DES delivers the information about the
amount of air and fuel at the end of the intake phase
as well as the spark advance, all appropriately placed
in physical time by virtue of the signal merge taking
place at its output. The inputs to the SS are gen-
erated by merging the appropriate signals so that the
sequencing is synchronized with the input of the FSM.
In doing so, we are \synchronizing" non synchronous
signals by assigning the special value ? (absence of
value) to signals that do not have a value for a par-
ticular tag that is of interest for another signal. In
particular, at intake BDC times ti`, the signal merge 2

process receives the signals (qi`; t
i
`) and (m

i
`; t

i
`) - where

the value mi
` is equal to mi(ti`). At spark ignition

times tij , it further receives the signal (�
i
j ; t

i
j) (piston

position at the time of the spark), to compute the
spark advance according to (3). For each of the previ-
ous signals - say (am; t

i
m) - on the basis of the signal

(k; tik), the signal merge 2 process yields the SS input
signals (�ik ; k), (q

i
k; k), (m

i
k; k) applying the following

rule:

(ak; k) =

�
(am; k) if (am; t

i

k
) = (am; t

i
m) 2 (am; t

i
m)

(?; k) otherwise

This makes the output signals of the signal merge 2

process and of the FSM synchronous. Note that, set-
ting ak = ? when tim 6= ti

k
does not change the behav-

ior of the system since the SS does not read this input
when the tag k is equal to k. Since ftimg � ftikg, then,
by the previous rule, the sequence famg is appropri-
ately augmented and de�ned over all times tik.
From the SS output (yik; k) the DES output signal

(yik; tk) is generated by replacing the signal tag k with
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the corresponding time tk. Then, this value is given as
a parameter to the CTS to generate the output torque
T i(t).

3.3 The power{train

For a given gear selection and clutch position, the
power-train is described by the CTS

_�(t) = A�(t) + b (T (t)� Tl(t))� b0 (8)
_�(t) = (0; 6; 0) �(t) (9)

where � = (�e; n; !p)
T includes the drive-line tor-

sion angle, the crankshaft revolution speed, and the
wheel revolution speed and � is the crankshaft angle
position. Input T is the torque produced by the en-
gine, while Tl represents the load torque acting on the
crankshaft. Vector b0 models the resistant actions on
the power-train, due to internal friction and external
forces at the equilibrium point. Dynamics (8) is ex-
ponentially stable and is characterized by a real dom-
inant pole �1, and a pair of conjugate complex poles
�� j�.

3.4 The engine and power{train model

Figure 4 shows the hybrid model for vehicles with 4{
stroke N{cylinder gasoline engine. Such model is ob-
tained by combining N cylinder hybrid models and it
is composed of the following parts:

� N subsystems as in Figure 3 describing the be-
havior of the N cylinders of the engine.

� two CTS's modeling, respectively, the power-train
and intake manifold dynamics.

� the block SY NC, that synchronizes the cylinders
models by generating the piston position angles �i

from the crankshaft angle �, according to (2), and the
events DC is.

4 CONCLUSIONS

We presented the application of hybrid system tech-
niques to an important industrial domain: automotive
engine and power-train control. We argued that while
in the past average models were successfully used to
describe the behavior of the engine, the ever increas-
ing demands on drive comfort, safety, emissions and
fuel consumption imposed by car manufacturers re-
quire cycle{accurate models, which can only be de-
scribed using a hybrid formalism.
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